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Abstract
The black hole area spectrum has been studied in the framework of tunneling
mechanism, where a Generalized Uncertainty Principle (GUP) has been consid-
ered. The results implies in a non evenly spaced spectrum for the black hole
area which becomes increasingly spaced as the black hole evaporates.
1. Introduction
The search for a common description of particle physics and gravity and for
a quantum theory of the gravitational sector is certainly one of the most out-
standing and longstanding problems in physics. Despite important discoveries,
at present a reliable theoretical framework is lacking and even the very meaning
of quantum spacetime is not clear.
Hawking discovery that black holes have thermodynamics properties like en-
tropy and temperature [1, 2, 3] has established profound links between black
hole physics and such seemingly very distant fields as thermodynamics, infor-
mation theory, and quantum theory, and have opened the doors for discussions
that have improved our understanding about possible the features of a further
theory of quantum gravity. In this way, the study of black holes has a signif-
icance going far beyond astrophysics. Actually, black holes may play a major
role in our attempts to shed some light on the nature of a quantum theory of
gravity such as the role played by atoms in the early development of quantum
mechanics.
A consequence of Hawking calculations is the discovery that, due to the
instability of the vaccum in the strong gravitational field of a black hole, these
objects are sources of quantum radiation. In the Hawking’s original semiclassical
approach, the black hole radiation is continuous. However, several authors
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have raised the possibility that Hawking radiation might in fact have a discrete
spectrum. In its earliest form, this argument traces to Bekenstein’s proposal
that the eigenvalues of the black hole event horizon area are of the form [4]
An = γnl
2
P , (1)
where n ranges over positive integers, and lP = (Gℏ/c
3)1/2 is the Planck length.
Diverse computations have been employed in order to find out the correct
form of the black hole area spectrum, including some efforts which have been
done in order to confirm the equally spaced spectrum suggested by Bekenstein
[5, 6, 7, 8, 9, 10]. However, the correct form of the black hole area spectrum
remains an open issue.
In this paper we study the black hole area spectrum in the framework of tun-
neling mechanism, where a Generalized Uncertainty Principle (GUP) has been
considered. Among other things, it is a common belief that the Heisenberg un-
certainty principle has to be replaced by the so-called generalized uncertainty
principle (GUP) when gravitational interactions are taken into account. Baner-
jee at al [10], by working with tunneling formalism, have employed a calculation
which have confirmed the equally spaced spectrum proposed by Bekenstein.
However this result depends on the use of the ordinary Heisenberg Uncertainty
Principle, in a way that quantum gravity effects have not been appropriately
included.
This paper is organized as follows: in section (2), we address the tunneling
treatment to black hole evaporation. In section (3), we discuss the Generalized
Uncertainty Principle(GUP) from a micro-black hole gedanken experiment. In
section (4), we employ the calculation for the black hole area spectrum. The sec-
tion (5) is devoted to conclusions. In this work we shall consider all fundamental
constants (c, ℏ, kB , G) equal to one.
2. The tunneling process
In the region near the horizon, the effective potential vanishes and there are
no grey-body factors. However, the self-consistency of the approach can be seen
by recalling that the emission spectrum obtained from these modes is purely
thermal. This justifies ignoring the grey-body factors. Moreover, in this region,
the theory is dimensionally reduced to a 2-dimensional theory [11, 12] whose
metric is just the (t − r) sector of the original metric while the angular part is
red-shifted away. Consequently the near-horizon metric has the form
ds2 = F (r)dt2 + dr2F (r) . (2)
The horizon is defined by the relation F (r = rH) = 0 and the surface gravity is
given by κ = F
′(rH)
2 .
The massless Klein-Gordon equation gµν∇µ∇νφ = 0 under the metric given
in (2), is
2
−
1
F (r)
∂2t φ+ F
′(r)∂rφ+ F (r)∂
2
rφ = 0 . (3)
Taking the standard WKB ansatz φ(r, t) = e−
i
~
S(r,t) and substituting the
expansion for S(r, t)
S(r, t) = S0(r, t) +
∞∑
i=1
hiSi(r, t) (4)
in (3), we obtain the solutions for φ in the semiclassical limit [13, 14]
φ
(R)
in = e
−iωuin ; φ
(L)
in = e
−iωvin
φ
(R)
out = e
−iωuout ; φ
(L)
out = e
−iωvout (5)
where the quantity ω is the energy of the particle as measured by an asymptotic
observer. Here “R(L)” refers to the outgoing (ingoing) mode, while “in(out)”
stands for inside (outside) the event horizon. The null coordinates (u, v) are
defined as
u = tr∗;
v = t+ r∗;
dr∗ = drF (r). (6)
In the context of the tunneling formalism, a virtual pair of particles is pro-
duced in the black hole. One member of this pair can quantum mechanically
tunnel through the horizon. This particle is observed at infinity while the other
goes towards the center of the black hole. While crossing the horizon the nature
of the coordinates changes. This can be accounted by working with Kruskal
coordinates which are viable in both sectors of the black-hole event horizon.
The Kruskal time (T) and space (X) coordinates inside and outside the horizon
are defined as [15]
Tin = e
κrincosh(κtin); Xin = e
κrinsinh(κtin) ;
Tout = e
κroutsinh(κtout); Xout = e
κroutcosh(κtout) . (7)
These two sets of coordinates are connected through the following relations:
tin = tout − i
π
2κ
,
rin = rout + i
π
2κ
. (8)
In this way, the Kruskal coordinates get identified as
3
Tin = Tout ,
Xin = Xout. (9)
Employing equations (8) in equation (6), we can obtain the relations that
connect the radial null coordinates defined inside and outside the black-hole
event horizon
uin = tin − rin = uout − iπ/κ ,
vin = tin + rin = vout. (10)
Under these transformations the modes in equations (5) which are traveling
in the “in” and “out” sectors of the black-hole horizon are connected through
the expressions
φ
(R)
in = e
−
piω
κ φ
(R)
out ,
φ
(L)
in = φ
(L)
out. (11)
Concentrating on the modes located inside the horizon, the L mode is
trapped while the R mode tunnels through the horizon [13, 15]. The proba-
bility for the R mode to travel from the inside to the outside of the black hole,
as measured by an external observer, is given by
PR =| φ
(R)
in |
2=| e−
piω
κ φ
(R)
out |
2= e
2piω
κ , (12)
where equation (11) has been used to extract the final expression. Since the
measurement is done from the outside, φin(R) has to be expressed in terms
of φ
(R)
out . Therefore the average value of the energy, measured from outside, is
written as
〈ω〉 =
∫
∞
0
dω ωP ′R∫
∞
0
dω P ′R
= TH . (13)
where TH =
κ
2pi is the Hawking temperature. In a similar way, one can compute
the average squared energy of the particle, detected by an asymptotic observer,
〈ω2〉 =
∫
∞
0
dω ω2P ′R∫
∞
0
dω P ′R
= 2T 2H . (14)
Hence it is straightforward to evaluate the uncertainty in the detected energy ω
by combining equations (13) and (14),
(∆ω) =
√
〈ω2〉 − 〈ω〉2 = TH , (15)
which is nothing but the Hawking temperature TH .
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3. The generalized uncertainty principle
The generalized uncertainty principle arises from the Heisenberg uncertainty
principle when gravity is taken into account. In this section, we will derive a
GUP via a micro black hole gedanken experiment, following closely the content
of [16]. When we measure a position with precision of order ∆X , we expect
quantum fluctuations of the metric field around the measured position with
energy amplitude
∆ω ∼
1
2∆X
. (16)
The Schwarzschild radius associated with the energy ∆ω
RS = 2∆ω (17)
falls well inside the interval ∆x for practical cases. However, if we want to
improve the precision indefinitely, the fluctuation ∆ω would grow up and the
corresponding RS would become larger and larger, until it reaches the same size
as ∆X . As it is well known, the critical length is the Planck length, and the
associated energy is the Planck energy εP .
If we tried to further decrease ∆X , we should concentrate in that region
an energy greater than the Planck energy, and this would enlarge further the
Schwarzschild radius RS , hiding more and more details of the region beyond
the event horizon of the micro hole. The situation can be summarized by the
inequalities
∆X =


1
2∆ω for ∆ω ≤ εP ,
2∆ω for ∆ω > εP ,
which, if combined linearly, yield
∆X ≥
1
2∆ω
+ 2∆ω . (18)
This is a generalization of the uncertainty principle to cases in which gravity
is important, i.e. to energies of the order of εP . We note that the minimum
value of ∆X is reached for (∆ω)min = εP and is given by (∆X)min = 2lP .
4. The black hole area spectrum in the tunneling formalism with
GUP
In this section, we will derive the black hole area spectrum using the gen-
eralized uncertainty process in the quantum tunneling formalism addressed in
the section (2).
5
According to Bekenstein [17], the change in area of a black hole caused either
by an absorption or by an emission of a particle is given by
∆A ≥ 8π
∫
V
xT00dV , (19)
where x is the distance of the center of mass of the particle from the horizon
and T00 represents the energy density corresponding to the particle. Here V
stands for the volume (a 3-surface) of the system, i.e. the black hole and the
particle, outside the black hole, at a constant time.
Following [10], we can consider, based on dimensional grounds, the position x
of the emitted particle to be of the order of the uncertainty in particle’s position,
i.e. (∆X). Then one can set x = ǫ∆X . Therefore, equation (19) can be written
as
∆A ≥ 8π∆X
∫
V
T00dV . (20)
It is evident that the value of the integration on the right-hand side of
equation (19) is exactly the energy of the outgoing particle. Since the integration
is performed at a constant time over the whole space outside the black hole, it
is legitimate to identify the energy of the particle as computed through the
integration with the average energy of the particle given by equation (13).
∆A ≥ 8πǫ∆X∆ω , (21)
Using the equations (15) and (18), we have that
∆A ≥ 8πǫ
(1
2
+ 2T 2H
)
. (22)
In a way that
∆Amin = 8πǫ
(1
2
+ 2T 2H
)
. (23)
The equation (23) give us an area spectrum which is not equally spaced, but
increases as the black hole evaporates, in a different way from the Bekenstein
proposal.
5. Conclusions
The black hole area spectrum has been studied in the framework of tunneling
mechanism, and in the presence of a Generalized Uncertainty Principle (GUP).
We get the expression for the change in the black-hole area in this framework.
The results implies in a non evenly spaced spectrum for the black hole area in
a different way from the Bekenstein proposal. In this case, the lines of the area
spectrum becomes more and more spaced as the black hole evaporates.
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